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A 9-node Lagrange shell element with uniform reduced integration (the 2x2
Gaussian quadrature) and a new spurious mode control procedure based on an
assumed strain approach is presented. The strain fields are defined with interpo-
lating the strains evaluated from the displacement field at certain sampling points.
In the evaluation of element stiffness matrices, the 2x2 quadrature is employed for
efficiency in the computational costs. However, some terms due to quadratic dis-
tributions of the assumed strain field cannot be evaluated by the 2x2 quadrature.
Such terms lost by the use of the 2x2 quadrature are compensated by introduc-
ing additive matrices for the sake of stabilization. An extension to geometrically
nonlinear problems is also presented.

Several numerical examples including both linear and geometrically nonlinear
analyses of shells are presented, which demonstrate the good performance of the
proposed element. ‘

I. INTRODUCTION

In recent years, the degenerated shell approach is often employed to finite element procedure
for plate and shell analysis. In this approach, a shell model is deduced from the three dimensional
continuum theory by imposing appropriate kinematic assumptions. The 9-node Lagrange element
based on this approach can express an arbitrary initial shape as biquadratic surface and deal with
the interaction between membrane strains and bending strains inside an element. Thus the 9-node
element seems to be efficient to general curved shell problems with geometrical nonlinearity.

However, elements of this type often exhibit well-known locking phenomena. Early attempts
were made to avoid locking phenomena by the use of reduced/selective integration techniques
(Parisch?), Hughes and Liu® etc.). For problems with lightly constrained boundaries, these schemes
cause rank deficiency and the elements include spurious singular modes. To avoid the locking phe-
nomena without activating spurious singular modes, Belytschko and co-workers propose the reduced
integration procedure with stabilization matrices¥¥), which is an analogue of ’hourglass control’ in
4-node element®)®. Although the reduced integration procedure with the stabilization matrices is
effective in computational costs, matrices based on such procedure include some numerical adjusting
factors which have some ambiguity and Jack physical backgrounds.

On the other hand, many researchexs propose assumed strain approaches, in which strain field is
defined with interpolating the strains evaluated from displacement field at certain sampling points
(Bathe and Dvorkin®, Huang and Hinton® and Park and Stanley® etc.). In these approaches, the
3x3 Gaussian quadrature rule is usually employed for numerical integration, and these approaches
are less effective in computational costs than thc uniformly reduced integration procedure with
stabilization.

In this work, we propose a new stabilization procedure based on an assumed strain approach
in 9-node shell element with uniform reduced integration (the 2x2 Gaussian quadrature) in order
to obtain a shell element avoiding locking phenomena without spurious singular modes. In this
procedure, the terms of the assumed strain field which cannot be evaluated with the 2x2 quadrature
are calculated by separating and individually integrating such terms for the sake of stabilizing
spurious modes. Thus our stabilization procedure does not include any numerical adjusting factors
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in contrast to the stabilization procedure by Belytschko et al.?# The present formulation is effective
in computational costs because of employing the 2x2 quadrature basically. Moreover we extend this
procedure to geometrically nonlinear problems by the use of the Updated Lagrangian formulation.

To demonstrate the validity of the proposed approach, we analyze several shell problems includ-
ing both linear and geometrically nonlinear ones. It is shown that our element neither exhibits any
symptoms of membrane or shear locking nor spatial oscillations in the solutions.

II. ELEMENT DESCRIPTIONS

In this section, we summarize basic geometric and kinematic descriptions and definitions of
a 9-node shell element. Our descriptions owe much to the work by Hughes and Liu?. A modi-
fied representation of the lamina coordinate system originally given by Hughes and Liu® is also
presented.

2.1 Geometry and Kinematics

In this work, vector components of geometry and kinematics will
be described in the global Cartesian coordinates. The initial config-
uration over a typical clement . is described by the isoparametric
mapping from cube with respect to &,7,¢ € [-1,1] to physical domain
through

9
x(61,¢) = D {Nal6m)a + SNalEsm)taC X, (21)

a=1

where x denotes the position of the shell in the Cartesian coordinates;
X, is the position vector of nodal point a; X, is a unit vector emanating
from node o inthe fiber direction which defines the normal direction at
node q; t, is the shell thickness at node a; N, denotes the biquadratic
Lagrange interpolation function; see Fig. 1. It is noted that each node
of the element is located at the reference surface, which is taken as
the middle surface of the shell.

By invoking the isoparametric hypothesis, the kinematics of the
shell element can be expressed as

Af?

9
u(ém¢) = (Na(ém)ua + %Na('ﬁm)iaCUa}: (22)  Fig. 1. 9-node shell
8=l element.

where u is the displacement field; u, is the displacement at node « on
the reference surface; U, are the fiber displacement at node a.
Consequently, the deformed geometry is represented by the following expressions:

Yy=x+4+u, ys=X,4+u;, Y,=X,+TU,. (2:3)

where y is the deformed geometry; y, is the position vector of nodal point a at deformed shape; Y.
is a unit vector emanating from node « in the fiber direction at deformed shape.

In nonlinear solution procedures, the vector Y, is required to remain a unit vector so that
nodal fibers are inextensible. In practice, a trial value of U, is calculated and projected radially to
maintain the inextensibility; see Hughes and Liu? for details.

2.2 Lamina Coordinate System

We introduce a local Cartesian coordinate system called the ’lamina’ coordinate system to
measure strains and stresses. The lamina coordinate system should be chosen so that the strain
and stress fields measured in this coordinate system will be able to represent the constant states in
each element to pass the patch test.

To define the lamina coordinate system, we first introduce a Cartesian coordinate system called
the ’center’ coordinate system which is located at the center (¢ =7 =¢=0) in the individual
elements. The basis vectors ef of the center coordinate system is chosen so that the angle formed
by e and ¢ directions is equal to that formed by e and 7 directions in the current configuration;
see Fig. 2. The e§ direction is the normal direction to the element surface.
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Associated with the above center coordinate system, the basis vec-
tors ! of the lamina coordinate system at each sampling point are
determined in the current configuration as follows:

e =YexVu/lye x¥ql, € =€l xef/letxefl, e =¢ xel, (24)

where the comma denotes partial differential (i.e. y, = 8y/8¢) and 'x’
denotes the vector product. For the purpose of involving the plane
stress hypothesis, we employ e} and e}, directions which are tangent to
the element lamina, and e} direction which is normal to the element
lamina. The lamina basis rotates rigidly as the element deforms. It
is noted that the lamina coordinate systems at all sampling points
over an element coincide in the direction when nine nodes are on a
common plane. Thus, strain and stress fields measured in the lamina
coordinates can represent the constant states independently of the
form of interpolation when the element is flat.

Consequently, the matrix which transform quantities from the global coordinate system to the
lamina coordinate system is obtained by

Fig. 2. Center coordinate
system,

= [e} e} eb]". (2.5)
Clearly, q is orthonormal.

2.3 Fiber Coordinate System

In the proposed element, five degrees of freedom are employed at each node. At each node, a
local Cartesian coordinate system called the *fiber’ coordinate system is defined and used as the
reference frame for the incremental fiber displacement AU,. The orthonormal basis vectors of the
fiber coordinate system are ¢ (The nodal subscript ’a’ is omitted here for clarity.). We employ
the algorithm presented by Llu Law, Lam and Belytschko? to specify the directions of e/ . The
direction of ef is always equal to that of the current fiber vector Y,, and the other two basis vectors
! and e} are uniquely defined as orthonormal bases.

Here we introduce the generalized incremental displacement vector Ad, with ﬁ.\e components
(three translations and two rotations) at nodal point « as

Ad, = |Aul Au? Aud AGLAG2]Y, (2.6)

where the superscript ’t’ denotes the transpose. A4l and A2 are incremental rotations about
the basis vectors e/ and e/ respectively. Invoking inextensibility of the nodal fibers, the linearized
relationship between the components of the incremental fiber displacement AU, and the incremental
rotations is given by using the fiber coordinate system as

Aug | _
{AUa} = R,Ad,, (2.7)
where R, is 6 x 5 matrix defined by
_{ B O — [fiat
R, = [’035(3 £y ] , Ei= [el ez] : (2.8)

with I, being the » x » unit matrix and 0, being the = x m zero matrix.

Remarks. In the linear formulation, the current configuration is equal to (or indistinguishable
from) the initial configuration. Thus, "all the local coordinate systems (center, lamina and fiber
coordinate systems) are calculated in the initial configuration.

III. FINITE ELEMENT FORMULATION

In this section, a finite element formulation based on an assumed strain approach is presented.
Here, the formulation is restricted to linear elastic problems for simplicity. Thus, we need not use
incremental displacement, and hence we omit the symbol A of increment in the descriptions below.
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3.1 Assumed Strain Field

In this work, the strain field is assumed independently on each layer (¢ =const. surface). In the
following discussion we consider the strain field on a certain layer<and omit the indication of the ¢
coordinate for clarity, but the strain field is actually dependent on ¢ as well.

The components of the assumed strain field ¢ are measured in the lamina coordinate system and
consist of in-plane strains e, €2, €12 and transverse shear strains e;;, €3, totaling to five components,
except the axial strain e in the normal direction. The strain component e;; is calculated, if
necessary, from the other strain components by the use of the plane stress hypothesis. To avoid
locking phenomena, the assumed strain field should be expressed as polynomials of a lower degree
than those of the strain derived from the displacement ﬁe? . Further, the assumed strain field should
also be able to represent all the displacement modes except, for rigid body modes in order to cause
no spurious mode.

Considering the above conditions, we choose the sampling points which are located at four 2 x 2
Gaussian quadrature points ( +1/y/3 , #1/4/3 ) plus four points ( 0, +1//3 ) and ( +1//3, 0),
totaling to eight points; see Fig. 3. Strains evaluated from the displacement field at each sampling

point are obtained by
I PV
p] _ 1 du
7" —i(a—wa—é)' (31)
j :

where superscript ’I’ denotes appropriate quantity measured in the lamina coordinates and super-
script ’[p, q]’ denotes appropriate quantity evaluated at a sampling point [p,¢]. The left hand side in
equation (3.1) is the value evaluated at the sampling point [p, q].

Interpolating these strains, we employ the assumed strain field as

2 3 3 2
@ = DY LOHMmED e = 33 Hy(O)L(nd®,

r=1g¢=1 r=1lg¢=1

b § 3 3 b 2 2
ar = Y Y LOHmMEY, s = 3 Y H,OLmEY, ar = 33 LELOhET  (32)

?=1g¢=1 p=1lg=1 p=1lg=1
where L;(s) and H;(s) are interpolate functions given by
Ia) = 5= V30, La(e) = 51+ /39), (33)
Hi(s) = —?s(l - \/;s), Hy(s) = \/Tgs(l + \/1;3), Hy(s)=(1- \/;s)(l +V/3s). (3.4)

It is noted that €1, e3; are linear in ¢ and quadratic in 7, ez, €3 are linear in » and quadratic in ¢
and e is linear in both ¢ and 7. This strain field is chosen so that it will avoid locking phenomena
and cause no spurious singular mode.
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Fig. 3. Sampling points [p,q] for strains.
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This strain field will be expressed as a form with the quadratic terms added to the bilinear
terms:

aL = EZL ()L B? + (1 -3772)21,,(5

.v—l q—l =
2
e = EZL (6) '1(77 ’731q]+(143n2)ELp(5),7;[£]’
p=lig=l =1
2 2 :
= 30 Y L(OL Y+ (1 3) Y Lml,
p:l q:l 41=1
= 300 LT+ (156 Loyl (35)
p=1g=1 =1

where
8 =¥ - B 4z AR =T - OR8N 2,
[91 - 7%«1] (7[1&] [2,41)/2 ,—ygql - ,),[33,11] ('7[1"1] 3 ,Y%q])/z. (3.6)

According to the above strain field, the matrix B,, which transforms the nodal displacement
vector in the global coordinates into the assumed strain field is defined as

9
Ler1 €22 2612 2693 263 |* = Z B,(¢,7,()Rod,. (8.7

e=1

Considering the matrix B,, we introduce the following matrices:

BRI g o BPI g 0
o B o o Br o
B = BE’"’] B}p,q] 0 BEM] B,[f""] 0o | Qe (3.8)

0 Bg}’:')] B%I‘y‘l] 0 Bg"q] BEPHI]
B;[,P'q] 0 B][:Py(I] ng’q] 0 BEP&]

B o o BPM o g ]
0 0 0 0 0 0
BFl=| 0 o 0 o o o |Q¥ (3.9)
0 0 0 0 0
LBP o bl gkl o pil ] .
BPFY o o BPY o0 0 ] BPI o o BPFI o o
1 o 0 o 0o 0 0 1o 0o o 0o 0 0
= 0 @ © o o o [QM-Z1 0 0o o o o o |QFF
00 0 0.0 0 00 0 0 0 0
gt o pletl gl o gl B o g2 plkA o gl
00 0o 0 0 0 1
o B o o BPY o
Bld=|o0 o0 0 0 0 0 | qQld (3.10)
0 BE’A]] BE'q] 0 BE:Q] BE-’,?]
Lo 0 0 0 0 0 |
00 0 0™ 0 0 7 0 0 0 0 0 0
Lo BE o 0 B o Lo BB o o BRI o
—z|¢ 9 0 0 0 0 [qQtd_Z-lo o 0 0 0 0 | Q4
o Bl plkd o gl gl 2y P4 pZd o pPd pgla
Lo o 0 0 0 0 | 0 0 0 0 0 0
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where
BIEP’Q] - {ZiNa/()z';c k=123,

ON.[ozt_, k=456 at sa.mphngl_Rant [p, 4] (3.11)

and N, is the modified shape function for the fiber part given by
N, = %Na(g, )t.{ (Mo sumona ). (3.12)

Qlral is the matrix which transforms the displacement vggtor from the global coordinates to the
lamina coordinates at the sampling point [p, ¢] as follows:

1 . Talkal o
()= fi) om-TE2 ]

23 a O3x3 q*

Here g4 denotes q in equation (2.5) at sampling point [p,q]. The matrices B¥*9, B! and B give

the strains through
9

LWE'“ _YZ[,PZA] 21{!;9] 2,'9’3,9] 275y9]Jt — EBEP,q]RadM (3.14)
a=1
9 ~ 9 .
177 000275 = 3 BPIR.d,,  |07i 027 ]! = 3" BIUR,d,. (3.15)
a=1 a=1

Thus, the matrix B, can be shown to be

2 2

3 2 _ 2 _
Bo(@n, ()= ) L(E)L(n)BPD + (1 - 39%) Y L(&)BEF + (1 - 3¢%) Y Ly (n)BIl9. (3.16)

p=1g¢=1 p=1 g=1

Remarks. Since the strain distributions derived from the displacement field are linear with respect
to ¢ in the case of flat plates, the assumed strain field is also at most linear in ¢. Considering the
strain distribution derived from the displacement field, in-plane components of the assumed strain
field €11, €32, €12 are linear across the thickness and transverse shear components e,s, €5, are constant.

3.2 Evaluation of Stiffness Matrix
By the use of the above assumed strain field, an element stiffness matrix is given by

3 1 1
k= /’ / / B.DB;Jd¢dndc, (3.17)
-1 /-1 j—1

where J denotes Jacobian and D denotes the material response matrix. We can decompose the
stiffness matrix into two parts: a part k® derived from only bilinear distribution of the assumed
strain field and another remaining part k5 as

kop = k& 4+ kS, (3.18)

Thus kE can be expressed as

2 2 1 1 i
KB=Y3 /_ . /_ 1 /_ 1 Ly(£) Ly (n)BPIDBF I Jdédndc. (3.19)

p=1g=1

Note that kf; can be evaluated almost exactly by the 2x2 Gaussian quadrature, which is a numerical
integration scheme with accuracy up to third order polynomials. Thus employing th 2x2 quadrature
in k% its summation form is obtained by

2 2 1
k=33 / 1 BPIDBP g, (3.20)
p=lg=1J"

It is noted that the value of quadrature weight is equal to 1. This is nothing but the stiffness matrix
obtained by an ordinary reduced integration.
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With respect to another part of the stiffness matrix, we introduce some approximate relation-
ships. Assuming that the element is low distorted (i.e. J is constant over an element) and the
material response matrix D is constant over an element, the following approximate relationship can
be obtained:

1

1 1
/ (1-3s*)DJds =0, / (1 - 36%)sDJds = 0, / (1 - 35%)*DJds = °DJ. (3.21)
-1 -1 -1 b}
By applying these equations, the matrix kS, can be shown to be

2 1 2 1

& 8 = - 8 = ~

K= ¢ / 1 BPIDB{FIPolac + 37 = / leMDBngmldc (3.22)
p=1 = q=1 =

It is noted that J will be the value at each sampling point in equation (3.21) in order to evaluate
the numerical integration as exactly as possible. The matrix k3, is obtained by integrating only
quadratic distribution terms of the assumed strain field, and corresponds to stabilization matrix
resisting the spurious spurious modes.

The matrix kS, is also an analogue of the stabilization matrix proposed by Belytschko et al.?):%)
The stabilization scheme by Belytschko et al. is based on the use of an artificial displacement vector
including spurious modes. Therefore, it needs artificial scaling to assure physically reasonable
behaviors for the numerical solutions obtained by its use. In our formulation, the stabilization
matrix is derived from quadratic distribution terms of the assumed strain field. Thus it has clear
physical backgrounds in contrast to the one by Belytschko et al.

It is noted that for numerical integration in ¢ direction as shown in equations (3.20) and (3.22),
we employ the 3 point Simpson rule.

IV. NONLINEAR FORMULATION

In this section, we propose an extension of our formulation to geometrically nonlinear problems.
In this work, we employ the Updated Lagrangian formulation to deal with geometrical nonlinearity.
In the Updated Lagrangian formulation, all the current variables are referred to the current config-
uration for each new load increment (say at step ). In our nonlinear formulation, th€interpolation
concept of strains in section 3.1 is applied to the incremental strains given by )

1 [{6ad  BAY,
A'Y,'[P"I] o Y _ i (4.1)
g 2\ 9y dy!

where y; is the deformed geometry as shown in equation (2.3). Moreover, with respect to the matrix
B., the derivatives in the initial configuration are substituted into those in the current configuration.
Similar to the strain ficld, we assume that the Cauchy stress field 7; is expressed as

2 2 2
i1 = E ZLP(f)Lq(")UE’Q] +d—2%] Z Lp(é)a?l]’

p=1g=1 =1

2 2 . 9
1= 303 L)Ly BY + (1 - ) S L, (€)5 1),

p=1p=1 =1
2 2 2
=3 9 L) Le(moB® + (1 - €)Y Ly(n)od, (4.1)
p=1g=1 g=1

2 2 2
T3 =3 D Lp(O)Ly(me ™ + (1 - €)Y Ly(n)ald,

p=1g=1 q=1

2 2
T2 =3 9 Ly()Ly(n)oy,

p=1g¢=1
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where a[’”"] is the Cauchy stress at sampling point [p, ¢] and o 1 is the term of the second distribution
reSIStlng spurious singular modes. 6‘.[”] corresponds to the stIa,ln components 7[”]
Here, we introduce the following approximate relation to evaluate a[”] We assume that O’[P] will

be derived from only ""w] through
BRI = Gl | i Aq®l (nosumon i, ) (4.2)

where superscript ’(n)” denotes the quantities at step » amd A1 is incremental strain of 751. cijit 1S
a material response tensor.

On the other hand, the Cauchy stress components o} ' 4t the 2x2 quadrature points are eval-
uated from A—yg? 4. Tn calculating them practically, we employ the co-rotational approximation
proposed by Hughes et al.®:10

With respect to the internal force vector, the same assumptions as those in the evaluation of

the stiffness matrix are employed. Similarly to equations (3.20) and (3.22), the internal force vector
can be shown to be

flities / (Blytoleal glealde 4 Z / (Bl 58l glpolgq + Z / Bzl gadae,  (4.3)
p—l g=1
where
olpdl = Lcr["’q’ Ul[]z;yq] J%q] Uggql U‘[BI’I)QIJt’ (4.4)
- a-ﬁL‘P] LO‘[P]OOOU ]Ji UW['I] LOO,[‘ZIOU[‘IJ OJt (4 5)

Further, geometncal stiffness matrices are evaluated by the 2x2 quadrature since the second
distributions of the stresses merely reflect to geometrical nonlinearity over an element.
Remarks. It is also possible in linear formulation to assume the same form of the stress field
as (4.2). In fact, the final results derived from the assumed stress field in (4.2) coincide with the
former results derived from the assumptions in (3.20). However the former formulation in section
3.2 is more easily implemented than the latter.

V. NUMERICAL EXAMPLES

In this section, several numerical examples are given to see 2
the efficiency of this approach. Some of the problems included
here have been recently suggested as a set of benchmarks for (g,10) (10,10)
testing the numerical behavior of shell elements (MacNeal and T~
Harder'D). °
. . . . (477) (8,7)
5.1 Eigenanalysis of Stiffness Matrix = .
Eigenanalysis of the stiffness matrix of a single element is = ° ° °
performed for various shapes. It is found that for this element
there are only six zero eigenvalues, all of which are associated (2.2) 0 (8,3)
with rigid modes. This fact means that this element includes ¥ (10,0)
no spurious singular mode. (0,0] 10 T
<
5.2 Patch Tests t =001
Patch tests are performed on shells for meshes of arbitrary E _ ,)'1 < 108
quadrilaterals of type shown in fig.4. The results indicate that . - 6'3

out clement can represent the fields of constant moment, con-
stant twist or transverse shear forces and constant in-plane
forces when the elements are flat. Thus, our element passes
patch tests and its convergence is assured.

Fig. 4. Employed patch of
elements,

5.3 A Pinched Cylinder with Diaphragms

The pinched cylinder shown in Fig. 5 is frequently used as a severe test for inextensional bending
modes; it exhibits almost no membrane strains. Because of symmetry, only one eighth of the shell
is modeled with uniform meshes as shown in the figure (5x5 nodes in the figure).
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Fig. 7. A hemispherical shell. Fig. 8. Displacement convergence study

for a hemispherical shell.

The results for normalized radial displacement at the loading point are presented in Fig. 6. An-
alytical results are taken from Belytschko et al¥. A comparison is provided with the performance of
Q9R-v, the 9-node Lagrangian element with uniformly reduced integration involving y-stabilization
proposed by Belytschko et al®). Tt is shown that this element appears to perform slightly better in
comparison with Q9R-.

5.4 A Hemispherical Shell

The hemispherical shell problem shown in Fig. 7 is another challenging test problem of element
ability to represent inextensional modeggit exhibits almost no membrane strains. It is also useful
for checking the ability to handle rigid befly rotations about normals to the shell surface, since most
sections of the shell rotate almost as rigid:bodies under given loads. Due to symmetry, one quarter
of the shell is modeled by 5, 9 and 17 nodes per each side as shown in Fig. 7. A comparison is again
provided with the performance of Q9R-y.

The convergence curves for normalized displacement at the loading point are depicted in Fig. 8.
These results indicate that element Q9R~y is better than the present element for coarse meshes. The
local Cartesian coordinate system, in which the assumed strain fields are measured in our approach,
is unsuitable for shell problems with highly curved geometry like this. Thus, accuracy intends to
fall in coarse meshes. However, the results appear to be acceptable for finer meshes.

5.5 A Cantilever in Large Deflection
A cantilever subjected to a bending moment at the free end is analyzed by using the single
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Fig. 9. An elastic cantilever beam. Fig. 10. Load displacement curve

for a cantilever.
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Fig. 11. A hinged cylindrical shell Fig. 12. Load deflection curve
under concentrated load. for a hinged cylindrical shell.

element model as shown in Fig. 9. This problem is one of the simplest test for checking the
element ability to represent inextensional modes under large deflection. Comparison is provided
with analytical results based on the elastica type solution where the beam is bent to a circular
shape.

In Fig. 10, it is shown that good results are obtained up to rotation of about ninety degrees
(= 7/2). In particular, the rotation of the free end ¢ is represented to be almost linear in wide
ranges.

5.6 Buckling of Cylindrical Shell

The snap-back behavior of the hinged cylindrical shell illustrates in Fig. 11 is solved by the
modified Riks method'?. A 2x2 mesh of this element is used to represent a symmetric one-quarter
portion of the shell.

The local deflection which occurs at points ¢ and e in Fig. 11 are given in Fig. 12, together
with the results by Horrigmoe and Bergan'®) for comparison. The agreement is generally good and
complicated snap-through behavior of the shell appears to be well represented by our analysis.
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Remarks. It is noted that the required calculation time for the above problems was approximately
two thirds of what had been required by a conventional selective integration element using the 3x3
Gaussian quadrature. Thus, an improved efficiency in computational costs is verified.

VI. CONCLUSION

In this paper, we propose a new stabilization procedure based on an assumed strain approach
in a 9-node shell element with uniformly reduced integration. The employed stabilization procedure
has clear physical backgrounds in connection with the assumed strain field, and does not need
any numerical adjusting factors. It is proven by numerical examples that this element avoids a
locking phenomenon without activating any spurious singular mode and it is a superior shell element
excelling in a calculation efficiency.
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